Fractional integration operational matrix of Chebyshev wavelets based on the Riemann-Liouville fractional integral operator is derived directly from Chebyshev wavelets for the first time. The formulation is accurate and can be applied for fractional orders or an integer order. Using the fractional integration operational matrix, new Chebyshev wavelet methods for finding solutions of linear-quadratic optimal control problems and analysis of linear fractional time-delay systems are presented. Different numerical examples are solved to show the accuracy and applicability of the new Chebyshev wavelet methods.
Introduction
In some real-world problems, we deal with fractional calculus [1, 2] . Fractional calculus has important engineering applications [3] , for example, in the analysis of viscoelasticity structures [4, 5] , in mechanics [6, 7] , control systems [8] , and in partial differential equations [9] which they arise in many fields like Navier-Stokes equations that are of practical interest [10] [11] [12] . Fractional time-delay optimal control has been a topic of interest during recent years [13, 14] . We know that governing state equations of some mechanical and control systems may result in second-order delay differential equations [15, 16] . So, it is obvious that we may deal with the optimal control of multiorder fractional time-delay systems, in which a framework for the case when some fractional orders are greater than one will be needed. In previous works, some methods to handle optimization of delay systems have been presented, for example, in [17] by Bernoulli wavelets basis, in [18] by Legendre functions, in [19] by Boubaker functions, and in [20] by Chelyshkov wavelets. In these works however, it is assumed that there is a single fractional-order derivative in the state equation, control systems are unconstrained, the proposed solutions should be obtained from solving systems of algebraic equations, and also there is no discussion on the case when the fractional order is greater than one; it would therefore be helpful if general solutions for these situations could be found. Analysis of the different types of fractional differential equations [21] has been carried out in many texts by different methods, for example, [22] [23] [24] [25] [26] [27] .
In this paper, we study the optimal control and analysis of fractional delay systems by using Chebyshev wavelets [28] which have many advantages over Chebyshev polynomials such as compact support, providing accurate models of different types of delay systems, and a much wider range of capabilities. As we shall see later in this paper, general solutions of the optimal control and analysis of linear delay systems having fractional order state equations are presented. The fractional integration operational matrix of the conventional Chebyshev wavelets was presented in [29] . Additionally, in [30] , another operational matrix of fractional order integration in the Riemann-Liouville sense was derived. However, these operational matrices were derived by employing block pulse and hat functions. It is desirable to have a general form of this matrix derived by employing Chebyshev wavelets, which is valid for all values of the order (integer and fractional). In this work, we obtain this matrix directly from Chebyshev wavelets via a new technique by which we can solve optimal control problems and delay differential equations having integer order and/or fractional order.
After stating some essential definitions in Section 2, by using the Riemann-Liouville fractional integral operator we introduce a new general formulation for the fractional integration operational of Chebyshev wavelets with scaling in Section 3, which is required for applying Chebyshev wavelet methods on fractional order systems. Then, in Section 4, we present new Chebyshev wavelet methods to the optimal control and analysis of fractional order systems having multiple delays and reverse time. The accuracy of the proposed Chebyshev wavelet methods by considering several examples are reported in Section 5. One can find from the results of the numerical examples that the proposed Chebyshev wavelet methods provide accurate results. Since the method for fractional linear-quadratic delay optimal control problems has the same idea to our previous method, it has some advantages (mentioned in [28] and [31] ) over the existing method.
Preliminaries

Definition 1. Chebyshev Wavelets (CWs) and CWs Expansion
The arbitrary scaled Chebyshev wavelets (ASCWs) with five arguments are defined as [28] ψ ξ nm (t) = ψ(ξ, k, n, m, t) =
where ξ ∈ N ≥2 and is chosen from the problem k ∈ N ≥2 , n = 1, 2, . . . , ξ k−1 determines the location of a subinterval and refers to the subinterval number, m = 0, 1, . . . , M − 1 is the degree of T m , the coefficient c m is
is the independent variable. The Chebyshev polynomials of the first kind T m (x) [32] are presented as
We expand a function f (t) in terms of Chebyshev wavelets over the interval 0 ≤ t ≤ 1 as
where N is large enough. If we approximate f (t), say, the (M − 1)th term in ξ k−1 subintervals, then we have
where f cw and Ψ ξ (t) are 1 × ξ k−1 M and ξ k−1 M × 1 vectors and
Theorem 1. Let f , f , and f be piecewise continuous on the interval [0, 1] ,
Proof. For the truncated CWs expansion given in (4), from (5) we
). Otherwise, based on the value of N and ξ k−1 we consider two situations.
), which is equal to the given upper bound in the theorem. 2. ξ k−1 < N; in this situation, for t ∈ [(n − 1)/N, n /N], we can find a similar statement.
we have proved the theorem.
Useful Properties of CWs
We have the following properties of CWs which will be used for applying CW method:
2. the product operational matrix of CWs for f cw denoted by the symbolf cw simplifies
3. Ψ ξ (t − h ι ) and Ψ ξ (t − h(t)), where h ι is a time-delay and h(t) is a piecewise delay, are expressed by the delay and the piecewise delay operational matrices of CWs denoted by the symbols, in turn,
is expressed by the inverse (reverse) time operational matrix of CWs denoted by Υ cw as
1 0 Ψ ξ (t)Ψ ξ (t) dt is obtained as the integration matrix of the product of two CWs vectors on [0, 1] denoted by Γ cw , that is,
The procedure for constructing these matrices were explained in detail in [28] .
Definition 2. Riemann-Liouville Fractional Integral and Caputo Fractional Derivative
The Riemann-Liouville fractional integral operator of order α denoted by I α is defined as
where Γ is the gamma function. The Caputo fractional derivative of order α denoted by D α is defined by
I α ρ m , where ρ is the independent variable, possesses the property
Lemma 1. Let f (t) be a continuous function. For α 1 , α 2 > 0, we have
Proof. The proof can be found in [1] .
The Caputo derivative arises in modeling of some physical system and has the remarkable property as
The Riemann-Liouville fractional integral and the Caputo fractional derivative operators denoted by L are linear operators, that is, for functions f (t) and g(t) and scalars a and b, we have L(a f (t) + bg(t)) = aL f (t) + bLg(t).
(16)
The Fractional Integration Operational Matrix of CWs
In this section, we derive the fractional integration operational matrix of ASCWs which will be used in the next section. Theorem 2. The fractional integration of ASCW vector Ψ ξ (t) based on the Riemann-Liouville sense can be obtained directly from Chebyshev wavelets as
where P α cw is the ξ k−1 M × ξ k−1 M fractional integration operational matrix of CWs.
Proof. Using a procedure similar to that in [33] , we see from the definition of this wavelet and (12) that when t < n/ξ k−1 , the integral is a function of the time over which the integrand is defined, so it should be expanded by the wavelets of the current subinterval {ψ ξ nm (t)}; when t = n /ξ k−1 , this definite integral should be expanded by ASCWs of all subsequent subintervals {ψ ξ ηm (t)}, η > n. Assume that n = 1. Hence, if 0 ≤ t < 1/ξ k−1 , we can write
where z y is a constant and for i = 0, 1, 2, . . . , M − 1, {y αm 1i } are constants. We must find these parameters. From (1), we can write
In order to use (13), we must modify (2) .
Using (20) , a more general formula for T m (t) is
where a m = 1, m = 0 m, m = 0 . Now from (19) , (13) , and (21), we have
By substituting the formula of I α ψ ξ 1m (t) into (5), we can write
, 0, 0, · · · , 0]. Hence, it follows from (18) for 0 ≤ t < 1/ξ k−1 that
where Y α 1m = [y αm 10 , y αm 11 , y αm 12 , . . . , y αm 1M−1 ] 1×M and
where z j and {j αm ηi } are constants. From (12) ,
For m = 0, we get I α ψ ξ 10 (t) = 1
. From this, the following statement about the higher degrees follows by induction
Therefore
where
In this subinterval we must set t(n) = (cos θ + 2n − 1)/(2ξ k−1 ) to exanpd I α ψ ξ nm (t(n)) by the wavelets of the current subinterval. This gives (2ξ k−1 ) j (t(n) − (n − 1)/ξ k−1 ) j+α = (1/(2ξ k−1 ) α )(cos θ + 1) j+α , so I α ψ ξ nm (t(n)) has the same coefficient as I α ψ ξ 1m (t) in terms of the CWs vector, and for t(n) < n/ξ k−1 we have
When t(n) = n/ξ k−1 , we find
. By induction, we get the following statement for the higher degrees
). Hence, when t(n) = n/ξ k−1 , we obtain
In general, j αm ηi is obtained from
indicates the computed J α n+1m for (n + 1)-th subinterval. Taking (22)-(25) together and by
in which 0 is a zero matrix of order M and the proof is complete.
where 
Corollary 2. The integration operational matrix of CWs P cw in (6) is a particular case of the fractional integration operational matrix when α = 1, and the presented formulation can be used for this case.
Corollary 3. When we set ξ = 2, the fractional integration operational matrix of CWs with scaling P α cw can be applied on the conventional Chebyshev wavelets.
Thus, the fractional integration operational matrix of CWs is obtained directly from Chebyshev scaling functions as claimed. In (28) and (29), we have some definite integrals which can be calculated by many available numerical methods. We will present some tests for the accuracy of the fractional integration operational matrix in illustrative examples.
Chebyshev Wavelet Methods for Fractional Delay Systems
We present CW methods to the optimal control and analysis of fractional order delay systems in this section.
Optimal Control of Linear-Quadratic Fractional Time-Delay Systems
Consider a linear fractional time-delay system described by (30) 
and u(t) are qth state and rth control vectors,
and G(t) are matrices of appropriate dimensions, d(t) as a qth vector represents disturbances, i = 0, 1 and x (i) denotes d i x dt i , h µ and h ν are delays, θ(t) and ζ(t) are, respectively, qth and rth specified initial vector functions, h x = max{{h µ }} and h u = max{{h ν }}. The fractional time-delay system is to be controlled to minimize the quadratic performance index
where T and Q(t) are positive semidefinite matrices and R(t) is a positive definite matrix.
Depending on the value of α, we consider two cases as A and B to solve the problem.
We take h µ = µ ω µ and h ν = ν ω ν , where µ , ω µ , ν , ω ν ∈ N. Then, we set ξ = κ.LCM({ω µ } , {ω ν }), where κ = 1, 2, . . . , ξ − 1. By applying the α-integral (the Riemann-Liouville fractional integral of order α) to both sides of (30), we have
From (15), we have I α D α x(t) = x(t) − x(0). Using (4), x i (t) = Ψ ξ (t)x icw , where i = 1, 2, . . . , q and x icw is a ξ k−1 M × 1 vector of unknown parameters. From the property of Kronecker product, for x(t) ∈ R q we can write
Similarly,
so the left side of (32) becomes
where X cw is a qξ k−1 M × 1 column vector of unknown parameters, X 0 cw is a known qξ k−1 M × 1 column vector and they are defined as
10 , X 
0, 0, . . . , 0].
We expand the control vector in terms of CWs as
where U cw is a rξ k−1 M × 1 column vector of unknown parameters and
The disturbance can be expanded as
We expand the time-varying matrices of the state equation in terms of CWs as
A cw , E µcw , G cw , B cw , and F νcw are constant matrices which can be determined by using (5) . For detailed information, see [31] . In like manner, the initial functions can be expressed as where n d µ = h µ ξ k−1 and n d ν = h ν ξ k−1 . From the conditions of initial functions, we have
, by considering the property of the product operational matrix, we see that
From these facts and the expressions given above, using (16) in the right-hand side of (32) and by (7)- (10) and (17) we can write
where we have denoted the product operational matrices of A cw , B cw , E µcw , F νcw , G cw by, in turn,
where by ρ ι := [
After substituting (33) and (34) in (32) , and considering (35) we get
Setting
in (31) , and using (7) and (11) yields
where we have denoted the product operational matrices of Q cw and R cw by, in turn,Q cw andR cw .
Finally, from (36), (37) , and Ψ ξC := Ψ cc Ψ ξ (0) , the fractional time-delay optimal control problem is
subject to
So, fractional linear-quadratic delay optimal control problems are converted to QP problems which as we shall see later (without doing any significant work) by constructing (40)-(42) and putting into (38) and (39) we are able to solve such problems.
Next, we extend the CW method to the system in which the fractional order is greater than 1.
This causes a change in (33) or the left side of (32); using (15) , in which n = 2, we find that
where we have set
andẋ(0) = x (1) (0). (43) has the effect of changing the matrix b 1 . Therefore, b 1 in (42) is changed to
The other matrices are the same as before and just by changing b 1 given in (45) we solve the problem.
Analysis of Linear Fractional Time-Delay Systems
Now, we present a method for the analysis of linear systems modeled by multifractional delay differential equations. Indeed, the following discussion permits an extension of the method to multifractional optimal control problems. Consider a general linear system modeled by A(t), B(t), C(t) , and E µ (t) are matrices, h and {h µ }, µ = 1, 2, . . . , a are delays, and h(t) is a piecewise constant delay. The initial condition and function are
The problem is to find the response of the given fractional time-delay system. Assume that Ω 1 and Ω 2 are time-invariant matrices. Similar to Section 4.1, we expand x(t) , x 0 , A(t), B(t), E µ (t), θ(t − h µ ), and u(t) in terms of CWs (U cw in known). In addition, we express C(t) and θ(t − h(t)) as C(t) = C cw (Ψ ξ (t) ⊗ I q ) and θ(t − h(t)) = (Ψ ξ (t) ⊗ I q )θ t cw , where θ t cw was defined in [28] . Moreover, we can write θ(t − h) = (Ψ ξ (t) ⊗ I q )θ cw and θ(−h) = (Ψ ξ (t) ⊗ I q )θ 0 cw . For h and h(t), we have two delay operational matrices as D cw and D t cw . Using the Riemann-Liouville fractional integral (order α 1 ) on the left side of (46), substituting the given expressions and using (14) now yield
where τ cw is defined in (44) . Moreover, by the same procedure in the right side of (46), we find
Then, by (47) and (48),
where X cw is the solution of the fractional-order delay differential equation in the form of CWs. We can summarize these methods in two given algorithms like those in [28] .
Illustrative Examples
In this section, we are going to use the new fractional integration operational matrix of Chebyshev wavelets to some fractional systems. We shall give some tests for the accuracy of the new formulation. It has already been mentioned in [33] that the proposed method (modeling a linear-quadratic optimal control problem as a QP) has good future and high degree of flexibility. We have considered different kinds of conditions and constraints in the previous works, and we can solve the fractional linear-quadratic optimal control problem in such situations. But to show the flexibility of the method, we will consider different kinds of constraints.
Example 1
We are interested in finding the optimal control and state which, when applied to the fractional time-delay system, are expressed by
where x(0) = 1 and x (1) (0) = −0.1. We select ξ = 3, setting k = 2 and M = 3 gives
, X 0 cw = π 6 1, 0, 0, 1, 0, 0, 1, 0, 0 , θ µcw = π 6 , 0, 0, 0, 0, 0, 0, 0, 0 .
For α = 1, 0.999, we found, in turn, J * = 0.37313 and J * = 0.373042 ( * indicates optimal condition). Choosing M = 7, of the optimal cost J * , are shown in Table 1 . This fractional optimal control problem has been studied in some texts as [18] [19] [20] . By using the QP solver in MATLAB, we can easily solve the problem for various values of α. By doing this, the comparison is made in Table 1 and one can see the accuracy of the method which provides a similar result as that we have found by Chebyshev wavelets [28] in the case α = 1. Additionally, we solve this problem for α > 1; as a test for the new fractional integration operational matrix of CWs, we apply Lemma 1 in (41) The optimal cost in (50) indicates the total system energy [35] by equating the state weighting matrix to zero for α = 1, 0.9, we have 1 0 1 4 u * 2 (t)dt = 0.08987169038, 0.09433894184, h ν 0 1 4 u * 2 (t)dt = 0.08533015864, 0.08831955446, respectively. Now, we consider constraints on control energy as Case 1:
Proceeding as we did for approximating the cost function in (31), we model these problems by quadratically-constrained quadratic programs, then we can use the Toolbox introduced in [36] . The optimal controls and states obtained by this Toolbox for some α are shown in Figure 1 . The values of the optimal cost J * are given in Table 3 . In addition, to get a feel for the accuracy of the method, the values of g 1 := 1 0 1 4 u * 2 (t)dt and g 2 := h ν 0 1 4 u * 2 (t)dt are given in this table. Since the optimal control of the unconstrained system does not satisfy both the constraints, we take e 1 = 0.05 − g 1 and e 2 = 0.05 − g 2 as criteria for the accuracy which must be small. We find that e 1 , e 2 ≤ 4.82E − 08. 
Example 2
The problem is minimizing
where x(0) = 1 andẋ(0) = 0.05. Additionally, a = 0, 1 and we may have the disturbance in the system. Setting t/2 −→ t, the state equation is rescaled as
We apply the method on this problem for different values of α. We begin with the case in which α ≤ 1 and a = 0 (with no disturbance) to compare the results of the method. Additionally, for α ≤ 1 and α > 1, we solve the problem with a = 1, where the disturbance affects the plant dynamics. This situation may arise when control systems are subjected to external disturbances. We also solve the problem by the methods presented in [28] and [34] (integer values of α). Our results are given in Table 4 . For some values of α ≥ 1, the results of applying the method to the system are shown in Figure 2 . We can see the results of applying the new method presented for fractional optimization agree very well with those obtained by the previous methods (for integer order). This is one of the efficient tests to verify the accuracy of the proposed fractional integration operational matrix of CWs. Remark 1. By modifying the cost function and the state equation of the system given in Example 2 in Section 5.2 as J = 1 /2 2 0 {x 2 (t) + u 2 (t)}dt and D α x(t) = x(t − 1) + u(t), we have a problem which has been studied in [17] [18] [19] [20] . We solve this problem by making small changes in the model parameters of Example 2 and this is one of the advantages of the method. For all α, we have exactly x * (0) = 1, which is the initial condition of the system and should be satisfied. This indicates that x * (0) is satisfied accurately. A comparison is made in Table 5 . The optimal states and controls for some α are shown in Figure 3 . The new state equation must be rescaled as 
Example 3
Consider the system [39] 
and the performance index
The problem is to find a control u(t) which will steer this system from the initial condition x(0) = [1, 1] to the final state conditions x(5) = [−1, 2] . In [39] , a heavy terminal cost as J t = 10 6 [(x 1 (5) + 1) 2 + (x 2 (5) − 2) 2 ] is added to the performance index to indicate the terminal constraints. In our method however, by adding the equality constraint to the model of the system we are able to solve such problems, the results are summarized in Table 6 . 
Example 4
Minimize
From the initial state function, we have x(0) = θ(0). We solve the problem for different choices of α 2 . The values of J * are given in Table 7 . Comparing J * for the case a = 0 with that obtained by our previous research, we see that the accuracy is impressive. In the first choice, where a = 1 and α 2 = 0.999, we impose another type of constraint classified as interior point constraints. The interior point constraint is
By solving this problem we get J * = 1.51942766043, Figure 4 shows the optimal states and control in which the value of x * (t i ) to evaluate the accuracy of the method is given; the interior point constraint is satisfied exactly. 
Example 5
Another test is applying the fractional operational matrix directly on the problem possesses an exact solution. We present a simple example to compare the values of the approximated solution by the new fractional integration operational matrix with those obtained by the previous formulation and with the true values of the solution. From Corollary 3, we do this by setting k = 2 and selecting the same degree M = 3 of CWs and, except this operational matrix, all other elements of (49) are the same. We use two operational matrices, as the one is presented in this work and other one was proposed in [30] . Assume that D 0.5 x(t) = t 0.9 , where x(0) = 1 and the exact solution is x(t) = (Γ(1.9)/Γ(2.4))t 1.4 + 1.
Here, we apply the fractional operational matrices directly on this problem to integrate t 0.9 (expanded in its CW series as U cw ) in the Riemann-Liouville sense. The results of this comparison are given numerically and graphically in Table 8 and Figure 5 . We see our fractional integration operational matrix provides more accurate result than the previous presentation. Some statements concerning convergence rate of CW method are presented in [28] . By using the procedure like that mentioned in this reference, we find the convergence is superlinear. From our formulation given in (26) 
Example 6
This problem has been studied in [27] . We want to analyze the fractional delayed damped Mathieu equation asẍ (t) + (a + b cos(ωt))x(t) + cD α 1 x(t) = dD α 2 x(t − τ),
where a = 50, b = 5, ω = 2, c = 1, d = 0.5, τ = 1, θ(t) = sin t, τ ≤ t ≤ 0, t f = 10, andẋ(0) = 1. We solve this problem by two techniques:
(1) We use the proposed method directly on this system; (2) By the technique used in [27] , we first select the first derivative of x(t) as a new state which is x 2 (t) ẋ(t), and set x 1 (t) = x(t), then we solve the new problem as D 1 x(t) = 0 1 −50 − 5 cos 2t 0
where θ(t) = [sin t, cos t] is the corresponding initial function. In addition, we consider two cases.
Case 1: α 1 = 0 and α 2 = 0.89. Case 2: α 1 = 0.95 and α 2 = 0.85.
The results of these techniques are shown in Figure 6 . There is a good agreement between the two techniques. Using our method, such problems can be solved directly. The method can easily be extended to the case 0 < α 1 ≤ 1, while this may be difficult in some methods like that in [40] . 
Example 7
Finally, we apply the fractional operational matrix on a nonlinear time-delay system, see [41] . Consider the nonlinear fractional time-lag system D α x(t) = x(t − 1)u(t − 2), 0 ≤ t ≤ t f θ(t) = 1, −1 ≤ t ≤ 0 ζ(t) = 0, −2 ≤ t ≤ 0 with the performance index
where we have Case 1: t f = 3 and the system is unconstrained. Case 2: t f = 6 and the path constraint is x(t) + u(t) ≥ 0.3. Case 3: t f = 6 and the path constraint is tx(t) + u(t) ≥ 0.3.
We use an approximation scheme in which a nonlinear delay problem is replaced with a sequence of linear delay problems, for an example see [42] . It should be noted that there are some remarkable schemes, like that proposed in [43] , that can be implemented by the fmincon function provided by the optimization toolbox in MATLAB. The results of the scheme by using quadprog are reported in Table 9 . By comparing J * , we see that the method is accurate in this nonlinear problem. For Case 3, the optimal states and controls for some values of α are shown in Figure 7 . 
Conclusions
Fractional integration operational matrix of Chebyshev wavelets based on Riemann-Liouville sense has been obtained. With the use of this matrix, a simple method for optimal control of fractional linear-quadratic time delay systems and also a framework for the analysis of multifractional time-delay systems have been presented. We have seen that the new formulation is accurate and can be applied on the cases we have α = 1. The proposed method can be applied to multifractional optimal control problems and also to more complicated situations in which systems are subject to some constraints. In future work, we can use the presented concepts to the optimal control of nonlinear fractional systems.
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